Abstract. Culler's theorem states that for a finitely generated free group F, of rank at least 2, any finite subgroup of Out(F ) fixes a point in Outer Space. This theorem is comparable to Nieslen Realization: for a closed surface with negative Euler characteristic, any finite subgroup of the mapping class group fixes a point in the Teichmüller sapce for the surface as proved by Kerckhoff.
For a closed surface with negative Euler characteristic Σ, the mapping class group MCG(Σ) acts on Teichmüller space, the space of hyperbolic metrics on Σ. The stabilizers of this action are finite subgroups of MCG(Σ). Kerckhoff [15] proved the converse, namely any finite subgroup of MCG(Σ) fixes a point in T Σ . This result is known as Nielsen Realization; Nielsen and others had shown the result for various special cases. In a similar manner, for a free group of rank n ≥ 2, the outer automorphism group Out(F n ) acts on Outer Space. The stabilizers of this action are finite subgroups of Out(F n ) and Culler [5] proved that any finite subgroup of Out(F n ) fixes some point in Outer Space. Both Teichmüller space and Outer Space are contractible [7] .
For a nonnegative integer n we introduce a class of groups denoted G(n), where the outer automorphism group of any group in this class has a similar realization statement. In other words, for every group G ∈ G(n), there is a contractible space on which Out(G) acts and we are able to determine that certain subgroups of Out(G) related to stabilizers are indeed stabilizers themselves.
For n = 0, 1 we show that any group which is commensurable to a subgroup of a stabilizer actually fixes a point (Corollary 5.2). Recall that two subgroups are commensurable if they share a finite index subgroup. The class G(0) is the class of virtually finitely generated free groups of rank at least 2, thus our result is a generalization of the above mentioned theorem of Culler. In general, we are only able to show that subgroups of Out(G) commensurable to polycyclic subgroups of stabilizers actually fix a point.
We define G 0 (n) as the class of groups which act on a locally finite simplicial tree without an invariant point or line, such that the edge stabilizers are virtually polycyclic subgroups of Hirsch length n. The subset of groups in G 0 (n) where this action is irreducible and cocompact is denoted G(n). In the first section for any finitely generated group G we describe topological spaces D on which certain subgroups of Out(G) act. These spaces are contractible in most cases. In particular, for G ∈ G(n) we describe a contractible topological space D G on which the full group Out(G) acts.
Our main theorem regarding this action is analogous to Kerckhoff's theorem for the mapping class group and Culler's theorem for Out(F n ).
Main Theorem. Suppose G ∈ G(n) and W is a polycyclic subgroup of Out(G) which fixes a point in D G . If H is a subgroup of Out(G) commensurable with W, then H fixes a point in D G .
The proof is similar to Culler's proof for finite subgroups of Out(F n ). Indeed, for G ∈ G(0) the proof presented here is Culler's proof. We review how Culler's theorem is proven. Starting with a finite subgroup W of Out(F n ), lift this to the subgroup W in Aut(F n ). Then W is virtually free, hence W acts cocompactly on a simplicial tree T with finite stabilizers by Stallings' theorem [18] .
This induces a cocompact free action of F n ⊆ W on T . Thus the finite group W = W /F n acts on the quotient graph T /F n , which represents a point in Outer Space. Hence this point is fixed by W .
We seek to mimic this proof. The ingredient we will need is an analog to Stallings' theorem, i.e.
when can we raise a splitting of a finite index subgroup to the whole group. In section 4 we provide this ingredient (Theorem 4.6) by showing that any group which contains a finite index subgroup in G(n) is in fact itself in G(n). Finally, if G ∈ G(n) and W is a polycyclic subgroup of Out(G) which stabilizes a point in D G , we show that W , the lift of W to Aut(G), is in G(n ′ ) for some n ′ inducing an action of G ⊆ W . Thus we can proceed as in the proof of Culler's theorem.
Originally, we were only concerned with a only proof of realization for generalized BaumslagSolitar groups, the torsion-free groups in G(1). However, in doing so it became necessary to prove some statements in greater generality, which provided a proof for any G(n)-group.
Deformation Spaces
If a group G is acting on a simplicial tree, we have two moves, called elementary moves, we can perform to the tree without changing the hyperbolicity or ellipticity of elements in G. The elementary moves are called collapse and expansion. They correspond to the isomorphism A ∼ = A * C C, see
Forester [12] for the complete definitions. A finite composition of elementary moves is called an elementary deformation. Forester [12] proved the converse, for a finitely generated group G, if two trees on which G is acting cocompactly have the same elliptic subgroups, then there is an elementary deformation carrying one to the other. An elliptic subgroup for an action is a subgroup H ⊆ G such that Fix(H) = ∅. We will always assume our simplicial trees are equipped with a metric and actions on trees are by isometries and without inversions.
If we fix a simplicial tree T on which G is acting cocompactly via the homomorphism ρ : G → Isom(T ), we can look at the set of all trees which have an elementary deformation transforming them to T . Equivalently by Forester's theorem, we are looking at all homomorphisms
for T ′ any simplicial tree such that for a subgroup H ⊆ G, ρ(H) fixes a point in T if an only if ρ ′ (H) fixes a point in T ′ . We call the map ρ : G → Isom(T ) a marking. There is a natural equivalence on the set of markings, ρ : [14] have shown, using arguments from Skora [19] , that for a finitely generated group, if the actions in D are irreducible and there is a tree with finitely generated vertex stabilizers, then D is contractible. The topology for the preceeding statement is the axes topology induced from the embedding D → RP C where C is the set of all conjugacy classes of elements in G, or equivalently the Gromov-Hausdorff topology. See [4] for details.
In general, the space D is acted on only by a subgroup of Out(G), where the action is precomposition of the marking. This subgroup is the subgroup which permutes the set of elliptic subgroups associated to the deformation space.
If G ∈ G(n) then G acts irreducibly and cocompactly on a locally finite simplicial tree T where all of the stabilizers are virtually polycyclic subgroups of Hirsch length n. We will show in the next section (lemma 2.1) that the set of elliptic subgroups for this action is invariant under all automorphisms of G, hence the deformation space containing T is invariant under Out(G), we denote this space as D G . Therefore, similarly to finitely generated free groups and surface groups,
we have a contractible topological space for Out(G) to act on, a first step in studying these groups.
Virtually Polycyclic Groups and the Class of G(n)-Groups
A group G which admits a filtration As mentioned in the introduction, originally the main theorem was only intended for generalized Baumslag-Solitar groups. A group G is a generalized Baumslag-Solitar group if it acts cocompactly on an simplicial tree where the stabilizer of any point is isomorphic to Z. As the only Z subgroups of Z are finite index, the tree must necessarily be locally finite, hence if G is not isomorphic to Z,Z ⊕ Z or the Klein-bottle group, then G ∈ G 0 (1). Equivalently, G is a generalized Baumslag-Solitar group if it admits a graph of groups decomposition where all of the edge groups and vertex groups are isomorphic to Z.
Such groups were first studied by Kropholler [16] , where it is shown that generalized BaumslagSolitar groups are the only finitely generated groups of cohomological dimension two that contain an infinite cyclic subgroup which intersects each of its conjugates in a finite index subgroup. It is clear that for a generalized Baumslag-Solitar group, any vertex group in the above mentioned graph of groups decomposition satisfies this condition. Forester's lemma 2.5 in [13] (a generalization of which appears as lemma 2.1 below) implies that when the action does not have an invariant line, the elliptic subgroups are the only subgroups which satisfy this condition. As this condition is algebraic, the set of elliptic subgroups is invariant under all automorphisms of G, hence we can talk about an Out(G)-invariant deformation space. We now generalize this fact to any G 0 (n)-group.
Recall that a group G is called slender if every subgroup is finitely generated. Hence, virtually polycyclic groups are slender. Slenderness of a group G is equivalent to every subgroup H ⊆ G having property AR: whenever H acts on a simplicial tree, H either stabilizes a point or has an axis [10] . Throughout the following, we use the notation
Lemma 2.1. (Forester [13]) Let G act on a locally finite simplicial tree T such that the stabilizer of any point in T is slender. If T does not contain a G-invariant line, then a subgroup H ⊆ G is elliptic if and only if H is slender and Comm
Proof. As T is a locally finite simplicial tree, any elliptic subgroup is commensurable to all of its conjugates. For the converse suppose H ⊆ G is a slender subgroup which does not act elliptically, let L H be its axis. Then the axis of H g is gL H . If H and H g are commensurable, then they have the same axis so L H = gL H . Hence if H is commensurable to all of its conjugates, then L H is a G-invariant line.
Thus for such actions the elliptic subgroups are determined algebraically. In particular, the elliptic subgroups for these actions are invariant under Aut(G). When the action is cocompact, we can talk about an Out(G)-invariant deformation space, denote this space D G . Hence every point in D G is an equivalence class of actions of G on locally finite simplicial trees where the stabilizers are virtually polycyclic of Hirsch length n. For G ∈ G(n), as these actions are irreducible, G contains a free subgroup of rank 2. Thus if G acts on a tree T with virtually polycyclic stabilizers of Hirsch length n, then T cannot be a line. This will be used without further mention. As mentioned in section
We have another lemma due to Forester about the splittings of G(n)-groups as amalgams over virtually polycyclic groups K with h K = n. Say that G splits as an amalgam over a subgroup K if G can either be written as a nontrivial free product with Proof. Let Y be the Bass-Serre tree for the splitting of G over K and H a vertex stabilizer for the marking (ρ, T ). Then similarly to lemma 2.1, H must act elliptically on Y as Y cannot contain a G-invariant line by assumption. Let y ∈ Y be a vertex fixed by H and e an edge stabilized by K.
There is some g ∈ G such that e separates y from gy, as H and H g are commensurable, there is a finite index subgroup H ′ ⊆ H stabilizing e, hence contained in K. As both K and H ′ have Hirsch length n, H ′ has finite index in K, hence K an H are commensurable, thus as H fixes a point in any marking (ρ, T ) ∈ D G so does K.
As for the moreover, suppose A is a vertex group for the splitting of G as an amalgam over K. We examine the A action on T . If A fixes a point, then A is virtually polycyclic with h A = n. If A has an invariant line on which it acts nontrivially, then there is a short exact sequence 1
hence A is virtually polycyclic and h A = n + 1. Otherwise this action implies that A ∈ G 0 (n).
To see that A is finitely presented we can assume that A ∈ G 0 (n). As K acts elliptically in T , using the action of A on T we can refine the splitting of G over K to get a graph of groups decomposition for G that includes the graph of groups decomposition of A with virtually polycyclic vertex and edge groups of Hirsch length n. As G is finitely generated, after reducing we can assume that the graph of groups decomposition for G, hence the graph of groups decomposition of A, is a finite graph. Thus A can be expressed as a finite graph of groups where all of the vertex and edge groups are virtually polycyclic of Hirsch length n. In particular, A is finitely presented.
We have two lemmas about G(n)-groups that will be used in section 5.
Proof. See Bieri sections 6 and 7 [3] .
As cohomological dimension is an invariant of the group, if
Proof. For (ρ, T ) ∈ D G , as the action is irreducible, Z(G) must act trivially on T [1] . Hence Z(G) is a virtually polycyclic subgroup with h Z(G) ≤ n. Also, we have an induced action of G/Z(G) on T, irreducible and cocompact, and the stabilizers are the quotients of the stabilizers for the G-action
Patterns and Tracks
Recall that G splits as an amalgam over a subgroup K if G can either be written as a nontrivial free product with amalgamation G = A * K B or as an HNN-extension G = A * K . In the next section, we define a condition that allows us to promote a splitting as an amalgam of a finite index subgroup to a splitting as an amalgam of the whole group. To talk about the splittings, we use Dunwoody's language of patterns and tracks. There are many excellent references for this material (for example [8] or [11] ), we will only give basic definitions and quote the relevant statements and propositions.
By 2-complex we mean a simplicial complex with simplicies of dimension at most 2. Our 2-complex are assumed to have metric such that 2-simplicies are isometric to Euclidean equilateral triangles with sides of length 1 and 1-simplicies are isometric to the interval [0, 1] ⊆ R.
(2) P intersects any 2-simplex of L in a finite disjoint collection of nontrivial arcs connecting different faces.
If L is simply connected and τ ⊆ L is a track, then L \ τ consists of precisely two components.
We will always assume this is the case. We say a track τ is essential, if both components of L \ τ contain points arbitrarily far from τ . If L is equipped with an action of some group G and τ is a track in L, we let stab G (τ ) = {g ∈ G | g stabilizes both complimentary components of τ }. This has index at most two in the usual stabilizer of τ . When there is no confusion we will drop the subscript G. If τ and τ ′ are tracks then τ crosses τ ′ if both complementary components of τ contain points in τ ′ arbitrarily far from τ . This condition is not symmetric in general.
Our interest in tracks is the following. We will need a converse to this. The source to build patterns and tracks are resolutions. When a finitely presented group G acts on a simplicial tree T without inversions, a resolution is a Gequivariant map f : L → T where L is a simply-connected 2-complex which G acts on freely and cocompactly by simplicial automorphisms. One construction for the map f is as follows: let X ⊆ L be an open 2-complex whose simplicies which map bijectively to L/G and X the closure of X. For each orbit {x 1 , . . . , x n } of vertices in X, pick some vertex v ∈ T, define f (x 1 ) = v and extend the map to the rest of the orbit equivariantly. Continue on the rest of the vertices of X. Then extend f to the 1-skeleton of X by mapping the edge between vertices x, y ∈ X linearly to the unique path between f (x) and f (y). Map a 2-simplex in X into T by mapping it to the tripod spanned by the images of its vertices (see figure 1 ). Once we have f defined on X, extend it equivariantly to L. Given a resolution, we can pull back the midpoints of edges in T to get a G-equivariant pattern P . If τ is an essential track in P, then G splits over stab(τ ). We can see this splitting explicitly by forming the dual tree. The dual tree T τ has a vertex for each component of L \ Gτ and two vertices span an edge if the closures of the components they represent have a common boundary component.
Then the action of G on T τ gives rise to the splitting of G over stab(τ ).
If the T is the Bass-Serre tree for the splitting of G as an amalgam over a subgroup K then stab(τ ) is contained in conjugate of K, but not necessarily equal to the conjugate. For example, look at the splitting of the rank 3 free group as F 3 =< a, b > * <b> < b, c > . If L is the universal cover of the wedge of three circles, with the circles representing the elements a, b and c, then we can get a pattern in L that consists two points in every translate of the edge [1, a] . This is created by sending the identity to a vertex in T stabilized by the subgroup < b, c >. Then as a stabilizes an adjacent vertex, the edge [1, a] traverses two edges. Thus the stabilizer of any track is trivial.
However, we can add some 2-simplicies to promote the stabilizer to be the subgroup < b >. This is similar to Stallings' binding ties in his proof of Grusko's Theorem [18] .
We glue on the new 2-simplicies as follows. If we do this construction in general, the new track τ ′ will satisfy stab(τ ) stab(τ ′ ) ⊆ K. We can repeat the process by using translates of τ ′ by a generator of K that is not contained in stab(τ ′ ).
If K is finitely generated, then this process will stop at a finite step. Notice that if K were infinitely generated, then this process could not stop at a finite step. The details for the general case are presented below. Proof. This is the above construction done carefully. We will not pay attention to modifying the resolving map, we will only work with the tracks. Given L construct a resolution using the BassSerre tree T for the splitting of G over K. Pull back the midpoints of edges in T to get a pattern
There is some component V ′ of L \ P that is fixed by K and has boundary component τ which is an essential track. Suppose that stab(τ ) = K. Equivariantly subdivide L such that each new edge contains at most one point in Gτ .
Let K by finitely generated by {g 1 , . . . , g k } and choose g in this set that is not in stab(τ ). As K stabilizes the component V ′ above, K stabilizes the unique component V of L \ Gτ that contains V ′ .
As both τ and gτ are components of the boundary of V, there is a 1-skeleton edge path (e 1 , . . . , e n ) between them that does not intersect Gτ except where it crosses τ and gτ . Thus τ intersects e 1 in a point, gτ intersects e n in a point and the the rest of the edges do not intersect Gτ at all. Cone off ∪e i and connect e 1 ∩ τ to e n ∩ gτ by a tie γ in the cone which intersects each 2-simplex in an interval and does not intersect any of the edges e i for i = 1, n. See figure 3.
... there is a translate of τ in U * ∩ gU * , thus this component is also deep. This remains true as we take all of the translates as the splitting is nontrivial.
Thus we have a new complex L 1 that G acts on freely and cocompactly by simplicial automorphisms that contains a pattern Gτ 1 whose stabilizer satisfies stab(τ ) stab(τ 1 ) ⊆ K. If stab(τ 1 ) = K, repeat using g ∈ {g 1 , . . . , g k } that is not in stab(τ 1 ) to get L 2 and τ 2 . As K is finitely generated, this process must terminate at some finite step N, take L ′ = L N and τ ′ = τ N .
Promoting Finite Index Splittings
The main step in proving Culler's theorem is using Stallings' theorem to get a splitting of the virtually free subgroup of Aut(F n ) which is the lift of some finite subgroup in Out(F n ). In the present setting we will need an analog of Stallings' theorem to tell us when a splitting of a finite index subgroup H ⊆ G over K ⊆ H implies a splitting of the whole group G over some subgroup K ′ which is commensurable to K. The strategy is to pass to a finite index normal subgroup H ′ and represent the splitting as a track in a 2-complex which G acts on freely and cocompactly.
Then translating this track around with the G-action produces new splittings of H ′ over subgroups isomorphic to K. We will then show that this gives rise to a G-equivariant pattern containing an essential track with stabilizer K ′ .
In general this is not true. The orbifold group
does not split over any group commensurable to Z, however it contains a genus two surface group as a finite index subgroup which has many Z-splittings. The problem is that Z-splittings of the surface group cross and there is no way to cut and paste them apart and turn them into a track for G. If we assume this problem away, we can promote the splitting.
Our proposition 4.4 can be deduced as a corollary to the algebraic torus theorem of Dunwoody and Swenson [11] . However, after a small set up, it follows solely from their proposition 3.1 and a result of Dunwoody and Roller [9] about splittings over virtually polycyclic groups (which is used in the proof of the algebraic torus theorem).
To properly state the proposition we need to guarantee a supergroup splitting we use the following notion. Clearly, if K is commensurable with K ′ , then splittings over these two subgroups are ell-ell. The ell-ell condition can be interpreted geometrically using tracks for the splittings. Proof. Suppose τ ′ crosses gτ, then both components of L \ τ ′ contain points in gτ arbitrarily far from their boundary. As stab(gτ ) acts cocompactly on gτ, we can find stab(gτ )-translates of τ ′ intersecting gτ arbitrarily deep on both sides of τ ′ . Therefore the stab(gτ ) acts hyperbolically in dual tree for τ ′ , contradicting the ell-ell assumption.
The following condition will allow us to promote the splitting of a finite index subgroup to the whole group. Definition 4.3. Let H be a finite index subgroup of G and K a subgroup of H. We say the pair (G, H) has property FIEE (finite-index ell-ell) with respect to K if for any finite index subgroup
′ splits over H ′ ∩ K and this splitting is ell-ell with respect to the splitting over (
This notion is technical and we will not use it in its full generality. For the case we are interested in, H is finite index in G and the subgroup K will satisfy Comm G (K) = G. This clearly implies property FIEE. In fact in this case the theorem of Dunwoody and Roller [9] is true if we only assume that K is finitely generated, hence our proposition 4.4 is also true in this setting. Another way to check property FIEE is using JSJ-decompositions. For a finitely presented group G, if over a closed class of slender subgroups K every finite index subgroup has a nontrivial JSJ-decomposition with no hanging K-by-orbifold groups, then for any finite index subgroup H of G, the pair (G, H) has property FIEE with respect to any subgroup in K over which H splits. Proposition 4.4 implies that in this setting, G has a nontrivial JSJ-decomposition over K. See [10] for these notions. Proof. Fix a finite set S of representatives for the right cosets of H and let:
Then H
′ splits over H ′ ∩K, denote the Bass-Serre tree for this splitting by T . Let L be a presentation 2-complex for G and L the universal cover of L. We now apply proposition 3.3 to L using H ′ and We are done now using the following proposition. We can now state our analog to Stallings' Theorem.
Theorem 4.6. Let G be a finitely presented group which has a finite index subgroup H ∈ G(n),
Proof. Let T be a locally finite simplicial tree on which H is acting irreducibly and cocompactly with virtually polycyclic stabilizers with Hirsch length n. As finite index subgroups of H are in If T 0 is not locally finite, repeat. As long as the resulting Bass-Serre tree is not locally finite we can continue. Since at each step, we add one edge to the quotient graph of groups decomposition of G, this process must terminate by Bestvina-Feighn [2] .
Realization
In this section we prove the main theorem. As stated in the introduction, the proof follows along the lines of Culler's proof of realization for finite subgroups of Out(F n ). The only difference is that we use our theorem 4.6 instead of Stallings' theorem to get a splitting after we lift our group in question to Aut(G). For the remainder of this paper, we let G ∈ G(n) be a fixed and D G the Out(G)-invariant deformation space discussed in section 2.
Suppose that W is a subgroup of Out(G) and W fixes some point (ρ, T ) ∈ D G . Then W the lift of W to Aut(G) consists of automorphisms φ such that there exists an isometry h φ : T → T where h φ • ρ(g) = ρ(φ(g)) • h φ . As the actions in D G are irreducible and minimal, h φ is unique [6] . Thus we get a homomorphismρ : W → Isom(T ). It is easy to check that for g ∈ G,ρ(i g ) = ρ(g), where i g ∈ Aut(G) is conjugation by g. Thus W extends the ρ-action of G on T .
As T is a locally finite tree, if the edge groups of this splitting are virtually polycyclic then W ∈ G(n ′ ) for some n ′ . In this case theorem 4.6 implies that whenever W is a finite index subgroup of some group H, then H ∈ G(n ′ ) which will induce a marking of G which is fixed by H, the image of H in Out(G). We compute the edge stabilizers for the action of W on T via the following sequences.
For an edge f ⊆ T denote by G f (respectively W f ) the stabilizer of this edge under the G-action (respectively W -action).
Lemma 5.1. The edge stabilizers of T for the W -action, W f , fit into short exact sequences: Proof. This only place where exactness needs to be checked is that G f /Z(G) is the kernel of the map W f → W f . This follows as W extends the action of G, hence G/Z(G) ∩ W f = G f /Z(G).
We can now prove the main theorem.
It seems possible to prove a version of theorem 4.6 to work in the case that W is only finitely generated as Dunwoody and Roller's theorem [9] would still apply in this case hence our proposition 4.4. Then we could run the same argument, getting an action of H on a locally finite tree inducing an action for G. But there is no easy reason why this action should have the correct stabilizers as in lemma 5.1. However for n = 0, 1, if G ∈ G(n) then for any point in D G , then the induced graph of groups decomposition has vertex and edge groups with finite outer automorphism groups. Levitt [17] has shown that for these graph of groups decompositions the stabilizer of the decomposition is virtually finitely generated abelian, hence we have the following corollary: 
